TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 356, Number 12, Pages 4737-4766

S 0002-9947(04)03693-1

Article electronically published on June 29, 2004

COMPLETE SECOND ORDER LINEAR DIFFERENTIAL
OPERATOR EQUATIONS IN HILBERT SPACE
AND APPLICATIONS IN HYDRODYNAMICS

N. D. KOPACHEVSKY, R. MENNICKEN, JU. S. PASHKOVA, AND C. TRETTER

ABSTRACT. We study the Cauchy problem for a complete second order linear
differential operator equation in a Hilbert space H of the form

d?u du

— + (F+iK)— + Bu = w(0) =u®, W/(0) =ul.

o+ (F iR £ (o) =, ()
Problems of this kind arise, e.g., in hydrodynamics where the coefficients F,
K, and B are unbounded selfadjoint operators. It is assumed that F' is the
dominating operator in the Cauchy problem above, i.e.,

D(F) Cc D(B), D(F)CDK).

We also suppose that F' and B are bounded from below, but the operator
coefficients are not assumed to commute. The main results concern the ex-
istence of strong solutions to the stated Cauchy problem and applications of
these results to the Cauchy problem associated with small motions of some
hydrodynamical systems.

1. INTRODUCTION

Cauchy problems of the form
d*u .o du

(1.1) ﬁ—i—(F—I—lK)E
arise for example in the study of small motions of hydrodynamical systems. There
u represents the displacement of the given system from its equilibrium and f is a
small field of external forces. The operator coefficients in (II)) and the assumptions
on them have direct physical meaning. The operator F' is the operator of energy
dissipation and therefore F' > 0. In some special cases, e.g., for the Navier—Stokes
equations describing the motion of a viscous fluid, F' is even a strongly positive
operator. The operator K is the Coriolis operator, which takes into account the
influence of Coriolis forces when the system rotates near some fixed axis with con-
stant angular velocity. Since the Coriolis forces do not generate work, K is usually
a bounded selfadjoint operator. The operator B represents the potential energy

+Bu=f, u0)=u’, u'(0)=u,
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operator and is thus selfadjoint and in general unbounded. If the system under
consideration is statically stable in linear approximation, then B is nonnegative.
The role of the operator of kinetic energy is played by the identity operator I (as
the coefficient of the second derivative in (L.)).

Abstract Cauchy problems (L1l) for complete second order linear differential
operator equations in a Hilbert space H have been studied since the sixties using
two approaches. The first one uses the theory of semigroups of linear operators
acting in Banach or Hilbert spaces. Here we only mention the classical results of
E.Hille and R.S.Phillips [HP] and subsequent investigations of S.G.Krein [K2]
(see also the monographs of M. A. Krasnoselsky, P. P. Zabrejko, E. I. Pustyl’nik, and
P.E. Sobolevsky [KZPP], S. G. Krein and M. I. Hazan [KH|, D. Goldstein [Go], and
the bibliographies therein).

The second approach is based on the application of so-called operator cosine-
functions for incomplete linear differential operator equations of second order. Here
we refer to the papers of M. Sowa [S1], S2], and to the monographs of H. O. Fattorini
[E] and V.I. Gorbachuk and M. L. Gorbachuk [GG]. Complete differential operator
equations in Banach spaces with commuting operator coefficients were investigated
by V.K.Ivanov, A.I. Mel'nikova, and A.I. Filinkov [IME].

The new approach used in the present paper is to transform the second order
linear differential operator equation ([LIl) into a system of two first order linear
differential operator equations. This system can be written as a first order linear
differential operator equation where the coefficients are 2 x 2 block operator matrices
in a product of Hilbert spaces H @ H with unbounded entries, which are in general
not closed even when the entries are closed.

The theory of block operator matrices with unbounded entries has been a vital
area of research over the last decade, motivated by applications from hydrodynam-
ics, magnetohydrodynamics, and quantum mechanics. Contributions to this field
are due to R. Nagel [N11[N2| N3], K.-J. Engel [Enll[En2], F. V. Atkinson, H. Langer,
R. Mennicken, A. A. Shkalikov [ALMS], V.M. Adamyan, H. Langer [AdL], A. Moto-
vilov [M], V.M. Adamyan, H. Langer, R. Mennicken, J. Saurer [AdLMS], R. Menni-
cken, A.A.Shkalikov [MS], A.A.Shkalikov [J], A.Yu.Konstantinov [Koul], T. Ya.
Azizov, N.D. Kopachevsky, L. D. Orlova [AKQO], H. Langer, C. Tretter [LT1] [LT2],
R. Mennicken, A.Motovilov [MM], V.Hardt, R. Mennicken, S.Naboko [HMN], R.
Mennicken, S. Naboko, C. Tretter [MNT], T. Ya. Azizov, V. Hardt, N.D. Kopachev-
sky, R. Mennicken [AHKM], and others. In particular, it has been shown that under
certain assumptions on the domains of the entries a block operator matrix has a clo-
sure, and in applications, e.g., from hydrodynamics or magnetohydrodynamics this
closure corresponds to the underlying initial boundary value problem in a natural
way.

By means of these block operator techniques we solve the problem of well-
posedness of the Cauchy problem ([[LTI) with operator coefficients F' and B which
are bounded from below. In Section 2, we show that problem (II) can be reduced
to a Cauchy problem

d .
(1.2) d—gz+«4y=f, y(0) =",

in the Hilbert space H? := H@®H where A is a closed block operator matrix. To this
end, we first consider the case F' > 0, B > 0 and K bounded, then the case F, B
semibounded and K bounded, and, finally, the most general case F, B semibounded
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and K unbounded. It turns out that in each case the constructed operator A is
accretive in H2. This property enables us to investigate problem (Z) using the
theory of contractive semigroups (with —A as a generator). In Section 3, we apply
our results to S. G. Krein’s problem of small motions of a viscous fluid in an arbitrary
open vessel [K1], [KKN|, [KL], [AKL], [Gal, [Kol.

2. THE EVOLUTION PROBLEM

2.1. Statement of the evolution problem. In a separable Hilbert space H we
consider a Cauchy problem for a complete second order linear differential operator
equation of the form

d*u du
2.1 — + (F +1K)— + Bu = =u’, «(0)=u"
(2.1) dt2+( +1 )dt+u £, w0)=u’, W(0)=u
Here the coefficients F'; K, and B are linear operators acting in H such that
(2.2) F =F">~prl for some vr € R,
(2.3) K=K* DF)cCDK),
(2.4) B = B" > gl for some yg € R, D(F)C D(B),

f is a given function of ¢ with values in H, u°, u' € H are given initial values, and
u is an unknown function of ¢ with values in H.

Definition 2.1. Let T > 0. A function w is called a strong solution of the Cauchy
problem on the interval [0, T] if u(t) € D(B), du(t)/dt € D(F) for all t € [0,T],
the functions Bu, F du/dt, and d*>u/dt*> belong to the space C[0,T;H], and u
satisfies (2.I) on [0,T].

Here and in the following, C*[0,T;H], k¥ € Ny, denotes the space of all k-
times continuously differentiable functions on [0, 7] with values in H, and we write
C[0,T;H] for C°[0,T;H].

It follows from the definition that for a strong solution u of problem (ZII) we
have

(2.5) u(0) =u’ € D(B), /(0) =u' € D(F).

2.2. Transformation to a Cauchy problem for a first order differential
equation with block operator matrix coefficients. We begin by considering
the special case

(2.6) F>0, B>0, KeL(H),

where L£(H) denotes the space of bounded linear operators in H.
Let the function u be a strong solution of problem (Z1I) on some interval [0, T'.
Then the function v given by

dv

(2.7) — =182, 0(0) =0,
belongs to C?[0,T;H)] and

2
(2.8) d’v - _1Bl/2d_u v'(0) = _1B/2,0.
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Hence, with (27), 23], the Cauchy problem (Z1I) can be written as a Cauchy
problem of the form

d (u F+1K 1BY2\ d (u f
om0 ) E0) =)

(2.10) w(0) =u®, W/ (0)=u', ©0(0)=0, o'(0)=—-1BY%0.
Define the function y of ¢ with values in H? := H @ H by
du dv\"
2.11 =|—, —
(.11) = (%5 5%)
where ' denotes the transpose, and let Ay be the block operator matrix given by
. F+1K 1BY/?
(2.12) Ap = ( B1/2 0

with domain
(2.13) D(Ap) := D(F) @ D(B'/?).
Then, if (u,v)" is a solution of problem (29), (ZI0), the function y is a solution

of

dy 3 0
(2.14) o A= fo, y(0) =y’
where

R 1
(2.15) Jo= (5) ;oY= (_1Bu1/2u0) 5

i.e., of a Cauchy problem for a first order differential equation in H? = H & H.
Vice versa, if y = (y1,y2)" is a solution of (ZI4), (ZI5), then the functions u, v
given by

u::tlrruovrztzTﬂ s L]y
(0 Ade+ L) Ay<m teo1]

are solutions of ([29), @I0).

Lemma 2.2. The block operator matriz Ay given by 212) with domain 2.13) is
an accretive operator in H?, i.e.,

Re (Aoy,y)nz >0, y e D(A).

Proof. For y = (y1,92)" € D(Ag) we have Re (Aoy, y)n> = (Fy1,y1)» > 0 by the
assumption (Z.6)) on F. O

Now let @ > 0 and introduce a new unknown function z by the relation
(2.16) y(t) =ez(t), tel0,T).
Then, by I4), [2I5), 2 is a solution of the Cauchy problem
dz

hiad —f _ 0
dt +Aaz f(l) Z(O) y)

where

(2.17) fa(t) := e fo(t) = e (f(()t)) . telo,T),
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and

F, +1K 1B'/?

(2.18) Ay = Ag+aZ = ( B/ ol

), F,:=F+al,

where 7 and I are the identity operators in H? and H, respectively. It follows from
Lemma [2.2] that the operator A, is uniformly accretive:

(2.19) Re (Auz, 2)12 > al|z]|32, 2 € D(Ad) = D(A).

2.3. Transformation to a differential equation with maximal uniformly
accretive operator coefficient. If the operator B > 0 is bounded, then the
operator A, is closed and maximal uniformly accretive on its domain D(A,) =
D(F) @ H. However, this need not be true for unbounded B in general. In the
following we shall prove that the closure of the operator A, is maximal uniformly
accretive.

We introduce the following operators:

(2.20) Q. := BY?F;YV2 Qf =F7Y*BY2 D(QF)=D(BY?).

Lemma 2.3. The operator Q, is bounded, and for Q} we have

Qi = QuD(B'?), Qi =Q; € L(H).

Proof. First we show that Q, € L(H). Indeed, by Heinz’ inequality (see, e.g., [EE]
Chapter III, Proposition 8.12]), the inclusion D(B) D D(F) (see ([2:4)) implies that
D(BY?) > D(F'/?) = D(F)'?), and therefore Q, is defined everywhere. But Q, is
closed and hence @, € L(H) and also Q}; € L(H).

Since QF = (Fa_l/Q)*(Bl/Q)* C (Bl/QFa_l/Q)* = Q%, the operator Q; is bounded
on D(B'?) and Q} = Q%|D(B'/?). Since D(B'/?) is dense in H, we obtain QF =
Q:. O

Theorem 2.4. The block operator matriz A, defined in ([BI8) has the following
two representations on D(F) ® D(BY/?):
i) in Schur—Frobenius form:

_ I 0 (Fa 0 I F,2Qr 1K 0
(221) A(L - <1QaFa1/2 I) ( 0 al+ QaQi) (O 7 )+< 0 0)7

il) with symmetric outer factors:

(2.22) A = 220 [ 4+1F VPR ESY? 1QF F2 g |
’ 0 1 1Qq al 0 I

The operator A, is closable, its closure A := A, is mazimal uniformly accretive
with

(2.23) Re (Az, 2)n2 > alz|32, 2 € D(A),

and it admits the following two representations:
i) in Schur-Frobenius form:

_ I 0\ [ F, 0 I F P K 0
(2.24) A= <1QaFa_1/2 1> < 0 aI+QaQ:§> <0 I >+ < 0 o)’



4742 N. D. KOPACHEVSKY ET AL.

il) with symmetric outer factors:

25) A (B O)(THEIPEEN Q) (R0
0 I 1Q, al 0 I

The operator A has the domain
(2.26) D(A) = {z — (21, 2) € HE 2 FF2Q € D(Fa)}
and, for z € D(A), we have

(2.27) Az= Fa (ZH' 1F51/2Q222) +1K2z _ /2 (FC}/QZH— 1Q;z2> +1K 2
lQaFa}/Qzl + azo 1QaFal/221 +az

Proof. The formulas (22I)) and (222) can be checked directly for elements from
D(A,) = D(Ap) = D(F) @ D(B'/?). Denote the three factors in the products on
the right-hand sides of (Z21) and [Z22) by R, S, and T'.

In the product on the right side of (ZZII), the first factor R is everywhere defined
and bounded with bounded inverse and the third factor T' is densely defined and
bounded with closure T' which has a bounded inverse. The middle factor S is
closable with D(S) C R(T) and its closure, which is obtained by replacing Q" by

*, is strictly positive which shows that its range is all of the space H®H. Therefore
the product RST is closable and its closure, which is obtained by taking the closures
of S and T, has range H @ H. But the closure of RST is also accretive (and hence
maximal accretive) since A is accretive by (219) and K = K*. Altogether, the
closure of RST in (2:2]I) is maximal uniformly accretive and the second term on
the right-hand side of (2:21]) is bounded and its real part is identically 0 since
K = K*. This implies that A = A, as the sum of the latter is maximal uniformly
accretive (see [EE, Chapter III, Corollary 8.5]), satisfies estimate ([2:23) and has
the representation (2.24)). From ([2.24), it is easy to see that the domain of A is
given by (220)) and that the action of A is determined by (Z27).

The first factor R and the third factor 7" in the product on the right side of
[E222) are closed and boundedly invertible, while the middle factor S is bounded
and densely defined. For the closure of S, which is obtained from S by replacing
QT by QF, we have

T+1F; PKEY? Qi \ (2 (= .
M« e ) () = lealralzal® = mindLa =/,

that is, S is uniformly accretive and hence maximal uniformly accretive because
it is bounded. In particular, S is also boundedly invertible and thus ST is closed
which, in turn, implies that RST is closed. Hence RST is a closed extension of A,
and so A = A, C RST. Tt is not difficult to see that the domain of RST is given
by

D(RST) = {z = (21,2)' € D(F?) @ H : F}?2 +1Q 2, € D(FY/?)}

which is obviously contained in the domain of A given by ([2:26). Hence A = RST,
which proves the second representation in (2.25). O

Corollary 2.5. The operator —A is the generator of the contractive semigroup

(2.28) Ut) = exp(—tA), U@ <e ™, t>0.
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Proof. The statements are immediate from the facts that A is maximal uniformly
accretive by Theorem 24 and that inequality (2223)) holds (see Chapter IX]).
(]

2.4. Theorem on well-posedness. The properties of the operator A proved in
the previous subsection allow us to make use of the following known fact (see

Theorem 6.5, Section 1.6.2], or [KZPP], [KHI, [Gd]).
Theorem 2.6. Let the conditions

(2.29) ¥’ €D(A),  fa€C0,T;H
hold. Then the Cauchy problem

d A
(2.30) T Az = for 20)=2" =y

has the unique strong solution

t
A0 =U® Y + [ Ut 9falo)ds
0
where U(t) is the semigroup generated by A as in (Z285).

Here we recall that z is said to be a strong solution of a Cauchy problem of
the form (Z30) on [0,7] if 2(t) € D(A) for all t € [0,T], Az € C[0,T;H?], z €
C10,T;H?], and ([2.30) holds on the interval [0,T] (see, e.g., [K2]).

Theorem 2.7. Suppose that the Cauchy problem (21I) satisfies the conditions

(2.31) F>0, B>0, DF)cD(B), K=K"¢ecL(H).
If
(2.32) fec'o,T;H], u’e€D(B), u'eDF),

then the Cauchy problem ([ZI) has a unique strong solution on the segment [0,T].

Proof. Step 1. By definition (see (2I7)), fa(t) := e~ (f(t),0)t, t € [0,T], and
hence it follows from (232]) that

(2.33) fa € CHO,T;H.

Further, again by assumption (Z32), u' € D(F) and —1BY/?u® € D(B'/?) and
therefore, by [Z1H), (ZI3),

ul

230) o =40 = (_i12,0) ) € DYODE?) = Dlks) = D(As) € DIA)

Step 2. Consider now the Cauchy problem (2.30) with the operator A from
[B27) (see Theorem 2:4). It follows from (2:33) and (2:34) that the conditions in
(2:29) hold. Thus, by Theorem[2:6] the problem (2:30) has a unique strong solution
z = (21,22)" on [0,7]. By 227) and (2I7), this means that for all ¢ € [0,7] the
equations

(2.35) %(t) +F, <z1 (t) + 1F;1/2Q;z2(t)) +1K 2 (t) = e £ (1),
(2.36) %(t) +az(t) +1Q.F122(t) =0

and the initial conditions
(2.37) 21(0) = ul,  2(0) = —1BY240
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hold. In (239), (230) all terms are continuous functions of ¢ with values in the
space H and, by (ZZd), we have z1(t) + 1F,;1/2Q222(t) € D(F,) = D(F) for all
te[0,T].

From (Z30) and the second condition in (Z37) we conclude

¢
(2.38) 2p(t) = —1e" " BY 20 — 1/ e =0 QF12 (s)ds, te0,T).
0

Substituting (238) into (Z3H), we obtain that the function z; is a solution of the
Cauchy problem
(2.39)

d t
%(t) + F, (zl(t) + F7V2Qr (e““ﬁBl/QuO + /e_“(t_s)QaFj/Qzl(s) ds))
0

+1Kz(t) = e f(t), 21(0) =ul,
and hence 21 € C[0,T;H]. Here, for all ¢ € [0,T],

t
(2.40) @(t) := z1(t) + e FY2Q: BY2u0 + F712QF / e =) QFY27 (s) ds
0

belongs to D(F,) and F,p € C[0,T;H]. Moreover, the function ¢g given by
(2.41) @o(t) == e FYV2Q BY20 e 0,1,

also has these properties. Indeed, since u® € D(B), we have B'/?u° € D(B'/?),
and, by Lemma [2.3]

(242)  @o(t) = e HFV2QFBY2u = e~ F 1 Bu’ € D(F,), tel0,T].
Step 3. We rewrite relation (ZZ40) in the form

(243)  z1() + /t e UIF T 2QEQuE P 2i(s) ds = p(t) — po(t) =2 ¢u(t).
0

By what has been shown above, we have ¢1(t) € D(F,) and Fyp1 € C[0,T;H]. We
introduce the Hilbert space Hr, = (D(Fy), || - ||7,) with the inner product induced
by the positive operator Fy, i.e., the norm being given by

lullp, = [ Faull, we D(Fa).

Since D(B) D D(F) = D(F,), the definition of Q, and Q7 in (Z20) and Lemma
imply that for all u € D(Fy),

(2.44) Tu:= FY2Q:Q.FY*u = F;Y/2Q} BY*u = F;'Bu € D(F,).

Hence T'|p(r,) is a bounded operator acting in the Hilbert space Hr, .

Equation (Z43) can be considered as an integral Volterra equation of the sec-
ond kind for z; in the space C[0,T;Hp,]. The function ¢; € C[0,T;HF,] on the
right-hand side is considered to be given and the kernel e_“(t_s)F(fl/ngQaFal/2 =
e~=)F~1B is an operator function with values in Hr, which is continuous
in ¢t and s. By means of the method of successive approximations (see, e.g.,
[IKKMRSZl, Theorem 1.8]), it can be shown that equation (Z43) has a unique solu-
tion z; € C[0,T;HF,], and therefore each term in equation ([Z43)) belongs to the
space C[0,T; Hp,].
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Step 4. Since z; € C[0,T; D(F,)] by Step 3, we can open the brackets in equation
(239) which yields

t
ddZt1 (t) + Foz1(t) +1K21(t) + / e =) Bz (s)ds + Bu® = e~ f(1).
0

By (210) and (211]) we have
21(t) = e My (t) = e "/ (t), te€0,T).
Substituting this into equation (Z43]), we obtain, after multiplication by e®

(2.45)

d*u du

W—'—(F aI+1K)E+Bu—f,
i.e., equation (ZT). In this equation all terms belong to the space C[0, T’; H], which
means that u is a strong solution of (Z1]). O

In the next stage, we consider the case when the conditions F' > 0 and B > 0
no longer hold, but K is still bounded.

Theorem 2.8. Suppose that there are real constants vp and ~vp such that
(2.46) F>~pl, B>~pl, DF)CDB), K=K"€eL(H),
and assume

(2.47) u’ € D(B), u'e€D(F), feC0,T;H].

Then the Cauchy problem (1) has a unique strong solution on the segment [0,T].
Proof. Since B is semibounded from below, there exist operators B, B_ such that
B=B.—-B_., By.>0, B_>0, B_€L(H).

Then problem (Z1) can be rewritten as

2 du
dtg+(F+1K)d—+B+u_f+B w=:fu, u(0)=1u", «(0)=ul.

If we replace the operator B by B4 and the function f by f, in the Cauchy

problem (1)), we can follow the lines of the previous reasoning. Instead of the
relations (27) — (28) we then have

d

d;’ —1BY?u, 0(0) =0,

dz’l} 1/2 du 1/2 0
W = —IB+ E, ’U/(O) = —IB

and the analogues of (Z9), (2I0) are

d (u F+1K 1Bl/2 d
2.4 — —
(2.48) dt? <v>+( B2 0 ) dt ( < )

(2.49) w(©0)=u’, W(0)=ul, v(0)=0, o'(0)=—1BY*.

Hence, instead of the block operator matrix Ay (see (ZI2))) the block operator

matrix
F+1K 1BY?
Aoy =

BY? 0
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arises here, which is defined on the domain
(2.50) D(Ao+) = D(F) & D(B}?).
Using the first condition in (2:46), we see that for every y = (y1,92)" € D(Ao +),
Re (Ao+9,y)rz = (Fyn,y1)m 2 e Iy 13
Now let o > 0 be such that
(2.51) min{yr + a,a} =:1a > 0.
Then the operator

F,+1K 1B./?

Aoy = Aoy +0I =
—+ 0,+ < 1BJ1F/2 ol

>, Fo:=F+al >al,

is uniformly accretive. Indeed,
(2.52)  Re(Aa+9,9)n2 > (yr+a)|uillf+ allyelli > allylle, y€D(Aa ).
Replacing the operators @, and Q7 in (Z20) by
Qo= BYPF? QL =F'*BY? DQ,)=D(BY),

we find that Theorem 27 also holds for the operator A, + = Ao+ +aZ. In
particular, Aq 4+ is closable and its closure

Ay = Aa 4
is maximal uniformly accretive with

Re (Asy y)we > allylfe, v € D(Ay),
and we have the analogues of (2.24)) — (2.27):

I 0\(F 0 1 1FPQ; 1K 0
2.53 = _ o a at
(2.58) A+ <1Qa,+Fa“2 1)(0 aI+Qa,+Q;,+><o I o o)

1/2 —1/2 -1/2 " 1/2
(2.54) A+: Fa 0 I+1F(y KFQ, lQa’+ Fa 0 ’
0 I 1Qq,+ ol 0 I

(2.55) D(A4)= {z =(z1,22) € H?: 20 + 1F;1/2Q;7+22 € D(Fa)} ,
and, for z € D(Ay),

A e Fa(zl —|—1F071/2 274_22) +1K 21
+2= 1/2
1Qa,+Fa Z1 + azg
B <F;/2 (F214+1Q; 1 22) +1Kz1>
1Qa,+F01¢/221 + azo

In the same way as in Corollary we now find that —A, is the generator of a
contractive semigroup Uy (t) given by

Up(t) = exp(—tAL), (O] < e, >0,

As in (2:16), we introduce a new unknown function z by the relation

v = (50, 50) =0, .1

(2.56)
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with « as in (Z51). Then, by [248)) - ([2.49), z is a solution of the Cauchy problem

O o Aaiz= for 2(0) = 2=y = (uh, BYA),
where
Fou(t) = fou(t) = (f“ét)) , telo,T].
As in the proof of Theorem [2.7] we consider the associated Cauchy problem for
the closure Ay of Aq 4,
dz

(2.57) pr + A 2= fou, 2(0)=y°=(u}, —1B}r/2u0)t.

By (ZAT), we have y° € D(F) @ D(BY?) = D(Auy) C D(A). If fu, €
C1[0,T;H?], then, by Theorem 2.6 the Cauchy problem (ZX57) has the unique
strong solution

(2.58) z(t)—u+(t)z0+/0tu+(t—s)fa,u(s) ds, tel0,T).
If we represent the function fo,, in the form
fault) = f:a(t>+e*m§f(u<t>,v<t>>t PR
= Jolt) e~ B0 o0+ o | (GF©.%0) a«
= Fa() + B (u0,0)t 4 o= /O B e*€2(e)de, te0,T],

where
B_ = diag (B_,0) € L(H2), fa(t) := e (f(£),0)",

and substitute this into relation (Z58), we obtain an integral Volterra equation of
the second kind for the unknown function z of the form

() = Uy ()20 + / U (= ) fa(s) ds + / " U (t— 5)B_ (0.0 ds
(2.59) ¢t 70 R 0
+ e =Y, (t — s)B_ ds z(€) de.
0 J¢

If we denote
t
Vit,€) = / o=, (¢ — 5)B_ ds,
€

then the kernel function V is an operator function with values in the space H?
which is continuous in ¢ and &.

Since 20 = 40 € D(A,. 1) C D(A4) and fo 4+ e “*B_(ul,0)t € C*0,T;H?] by
assumption (247), the function ¢ given by

o(t) = Uy ()20 + /O Us(t — 5)fuls) ds + /0 Us(t — s)e=*B_(u0,0)" ds

is a strong solution of (ZHK7) with f, ., replaced by f. + e B_(u0,0)" and hence
continuously differentiable by Theorem [Z.6]
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Hence, by [KKMRSZ, Theorem 1.8], the Volterra equation (Z359) has a unique
solution z € C[0,T;H?]. But z also belongs to C*[0, T'; H?] because ¢ € C1[0, T'; H?]
and

d [* d

t t
- _ _ n —as af
i [veosom - 4 [ ( /E Uy (0= ) Beds ) ()

t t—¢ R
- %(e / < / U+(n)Bea’7d77> e (¢) d£>

(2.60) A
= —ae | ( / U+(77)§—e"”dn> e (¢) de

+ /O U (t— B =(€) de,

which is a continuous function in ¢ on [0, 7.
Thus, if assumption ([2.47) is satisfied, then z is a solution of equation (2.58)
belonging to C1[0, T’; H?] and hence a strong solution of the Cauchy problem (2.57).
The last part of the proof follows the lines of Step 4 of the proof of Theorem 2.7
with A replaced by A. O

2.5. The case of an unbounded Coriolis operator. In this section we consider
the Cauchy problem (2] for the case when the operator K is unbounded and
subordinate to the main operator F'.

Theorem 2.9. Suppose that there are real constants vp and v such that

(2.61) F>~pl, B>~pl, DF)CDB), K=K
with

(2.62) D(K) D D(F/?)

where « is such that min{yr + o, a} > 0 as in Z5D). If

(2.63) u’ € D(B), u'e€D(F), feC,T;H|,

then the Cauchy problem ) has a unique strong solution on the segment [0,T].

Proof. By (2.62)) the operator K Fy 172 ig everywhere defined and bounded in H.
Therefore we can combine the proofs of Theorem 2.7]and Theorem up to formu-
las (2:53) — (2:56). But these formulas are also valid in the case under consideration
here. Indeed, the first representation (2:53)) of the operator A, is evident because
also here KF, 172 45 a bounded operator in H. Therefore the description of the
domain of the operator A4 in (250) remains valid. Moreover, Kz is well defined
for any z = (21,22)" € D(A,) since for these z we have z; € D(Fal/2) C D(K)
by ([262). Hence, the second formula in representation (Z53) and formula (256)
continue to hold as well. Repeating the same arguments as in the proof of Theorem
28 after formulas (253)) — (Z50), we complete the proof of this theorem. O

Next we consider the case when the operator K is not subordinate to the operator
Fol/Q, but to the operator F' itself.

Theorem 2.10. Let conditions Z81), 283) of Theorem X1 be fulfilled and let
the operator K = K* be unbounded so that

(2.64) D(F) c D(K), (I+1KF;Y)'eL(H)
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with o such that min{yr + o,a} > 0 as in ZEI) and Fy := F + ol. Then the
Cauchy problem (ZI) has a unique strong solution on the segment [0, T].

Proof. Here we repeat the proof of Theorem [2:8|up to formula (2.52). First we have
to show that the operator A, 4 is closable. For A, ; we have the representation

(2.65) A, = (Fal/Q o) <I+1Fa1/2KFa1/2 1Q;+> (F;/Q 0)
' 0 I 1Qq,+ ol 0 I
on the domain
(2.66) D(Aa,4) = D(F) & D(BY/?)
where
Qut = BY*FY?, Qf, == F; /2B

In the sequel we follow the lines of the proof of relation (225) in Theorem 2.4
(see the last paragraph of the proof of Theorem 24). Also here the outer factors
in (2.65) are closed and boundedly invertible, while the operator in the middle

7 (T FPEES? QL
ot 1Qa + al

is bounded and densely defined. Indeed, using the polar decomposition of K, we
have
K = Jx| K| = |K["2 x| K|'/?
where
Jxk =Jk € L(H), |K|:=(K*)Y2>0, DK)=D(K|).

Thus the operator F51/2KF071/2, which is densely defined, can be written as
F;1/2KF(;1/2 _ (F;1/2|K|1/2)JK(|K|1/2F071/2) _ V(;FJKVQ
with
Vo= |K[2EM2, Vi o= BRI,
Using the first condition in ([264) and Lemma (with |K| instead of B), we
conclude

Vo € L(H), D(V,")=D(K['?) > D(K|) =D(K), V,=V;ID(K'?).
Therefore the operator Fy, V2 F, /2 i bounded and hence closable with closure
(2.67) Fy PKESY? = VIV € L(H).

Thus 7, is bounded and densely defined and its closure is obtained by taking the
closure of F;1/2KF071/2 and of Q4 +. Moreover, for the closure of 7, 4 we have

(2.68) Re (Ta49,9) 2 = (W1, y1)m+a(ya, y2)r > min{1, o} [ly[l3,

for y = (y1,y2)" € H2. In the same way as in the end of the proof of Theorem 24}
we now find that the operator A, ; is closable and its closure A has the form

A = 220\ (T+1VETkVe 1Q) /2
+ 0 I 1Qa,+ al 0 I
with

D(A;) = {z = (21, 22)" € H? : 21 11F VAV T Vo Fo 2 +1F Y2 Q0 20 € D(Fa)}
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and
dos (Fa (21 4 1P PV I Va PPy 0P Q) ) |
1Qa,+F§/22’1 + azo
Using the first equality in ([2Z268), we see that

Re(Atz,2)y2= (Faz1,21)n + 22, 22)n > a ||Z||%_l2, z = (21, 22)t € D(A4).

Therefore and because K is maximal uniformly accretive, the same is true for
Ay
Now we can repeat the same arguments as in the proof of Theorem [2.§ from the
statement of the Cauchy problem (2357) up to the assertion after formula (2.60)
that the function z belongs to C*[0,T;H?] and is a strong solution of (2.57).
Here this means that z = (21, 22)" satisfies the system of equations

dz
009) d—tl(t)+Fa (z1(t)+1F071/2V;JKVQFO£/221(t)+1Fa_1/2Q;+z2(t)) =e " f, (1),
2.69

d

Z2(t)+az(t) +1Qus FA?2 () =0, 21(0) =u', 2(0) = 1B

for any ¢ € [0,T] where
(2.70) z;(t) =e “y(t), i=1,2, yi=1u, yo=10"= —1Bi/2u, fu=f+B_u.
From the second equation in (2.69) we conclude

¢
za(t) = —1e_“tBJlr/2uO - 1/ e t=9Q, [ FY22 (s) ds.
0

Substituting this into the first equation in (2.69), we obtain

dz _ « _ " -
ZL(t) + Fa (zl(t) FAF 2V IV FY 22 () + i V/2Qr  BYuleot

(2.71) :
+ F§1/2Q2,+/ e UTIQu 1 Fo 2 (s) ds) =e M fu(t), 21(0) =ul.
0

Here the function ¢ given by
p(t) == z1(t) + 1F(;1/2V;JKVQF;/221 (t) + Fa_1/2Q(’;’_irB_l‘_/Quoe’o‘1t

2.72 t
(272) + FV2Qr / e =Q, (F)?2(s)ds, tel0,T),
0

is continuous with values in D(F,) = D(F') since z € D(A;). But the same is true
for the function g given by

polt) = FV2Qs  BYPule™t, ¢ e (0,71,
if u € D(By) = D(B) (see the end of Step 2 in the proof of Theorem 27 and
formulas (2:47)), (2242)). Hence, relation (Z72)) can be rewritten in the form
() 1 F PV T VaFa? 21 (t) + FV%Q7% / t e =9Q, L F1/22 (s)ds
=p(t) = o(t) = ¢1(t), te€(0,T], ’
where 1 € C[0,T; D(F,)],
¢1 = F,'n for some 1 € C[0,T;H].
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Now consider the equation
D) +1F PV T VaFa P(t)
+ /t e_o‘(t_s)F;/QQ;JFQ(Z#F;l/Qw(s) ds=n(t), telo,T].
As in Step 3 and Oformula ©44) in the proof of Theorem [2.7] we see that
(2.74) FV2Qs Qo Pt = F7V2QE  BYP P = FI'BL R
Further, since D(F') C D(K) by assumption (2.64)), we have

[K|'V2F € D(K|Y?) = D(Jk|K|'?) = D(IK[V? k)

(2.73)

and hence

Fo PV I Vo Fa P = Fo 2V g | K|V E Y
= Fo PV Ik K[V2E

FU K2 Tk | KV ES Y

= F'KF; 1.

(2.75)

Thus relation (273) is equivalent to
t
(2.76)  (t) F1KE; (1) +/ e =B, F - (s)ds = n(t), tel0,T].
0

Here, by (2.64) and (24), the operators KF, ! and By F,! are bounded and the
operator I + 1K F; ! has a bounded inverse. Therefore relation (Z76) is equivalent

to
t

(2.77) z/;(t)+/0 e =) (T KF;Y) T By W (s) ds = (T+1K E7 ) " n(t)

for t € [0,T], i.e., to a Volterra integral equation of the second kind with operator
valued kernel function
e (T KF; ) IBLF

which is continuous in ¢ and s, and with continuous right-hand side (I +1K F; 1)~ 1.
Therefore (2.77) (and thus also ([2:73)) has a unique continuous solution t. Then
[22) has the unique solution z; := F, 14 € C[0,T;D(F,)], and therefore we can
open the brackets in equation (2.71)). From 2.74)), (2.75) we then obtain

FYPViVaF %2 = Kz, FY2Q;  BY*u® = By if u’e D(By) = D(B),

¢ ¢
/ e_o‘(t_s)Fol/QQZ,JrQa’JrFOl/Qzl(s) ds = e_o‘t/ e*Byzi(s)ds, te€][0,T].
0 0

Using these relations and the equations z1(t) = e **du(t)/dt, t € [0,T], fu =
f -+ B_u (see (Z10)) in the differential equation (271), we see that the function u
is a solution of

d*u du

— Fy—a+1K)— + Byu= B_u

dt2 + ( (e + ) dt + + f + )
that is, of the Cauchy problem (1), and each term in the above equation is con-
tinuous in ¢ with values in the space H. ([l

Remark 2.11. Tt is evident from the proof of Theorem P10 that its assertion is valid
whenever equation (2Z6) has a unique solution ¢ € C[0,T'; H].
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Remark 2.12. The operator I +1K F; ! is invertible in H (with possibly unbounded
inverse). Indeed, if z € H is such that (I +1KF, ')z = 0, then

(Fy e, a)y +1(F ' KF Y, o)y =0
and hence z = 0 since F,;! > 0 and K = K*.

Corollary 2.13. The operator I +1KF, ! has a bounded inverse in any of the
following cases:

i) The estimate | KF; 1| <1 holds.

ii) The operator KF; ' is compact.

iti) The operators K and F commute.

Proof. 1f i) holds, the assertion is evident. If ii) holds, the inverse (I +1KF,)~!
has the form I + S where S is a compact operator by Remark [2.12 and Fredholm
theory (see, e.g., [GGK], Theorem X1.5.2]). Ifiii) holds, then, by (2.67)), the bounded
selfadjoint operator KFoj1 can be rewritten in the form KF(;1 = VaoJk Ve, (note

that V,, = |K|Y/2F/? = V). Hence

Re (I £1KF, Y, 2)y = Re (I £1Va JxVa)z, 2)1 = ||z|3,, = €H,
which shows that I +1KF,; ! is accretive with deficiency 0 and thus has a bounded
inverse with ||(I +1KF, 1)~ < 1. O

Remark 2.14. If the condition u® € D(B) is strengthened to u® € D(F) C D(B),
then a strong solution u of problem (Z1I) belongs to C[0,T;D(F)]. Indeed, by
Definition 2] for such a solution we have Fdu/dt € C[0,T;H] and therefore

(2.78) /Ot F‘Cll—z d¢ = F/Ot fl—z dé = F(u(t) — u(0))
belongs to C[0,T;H]. If u(0) = u® € D(F), then also Fu € C[0,T;H).
Remark 2.15. Suppose K = 0. If
u’ € D(F), u'e€D(F), feC0,T;H],
then the Cauchy problem (2.) is stable with respect to any substitution
u(t) = ev(t), a>0.

This means, after this substitution a strong solution u is transformed into a strong
solution v of the transformed Cauchy problem corresponding to equation 2TI). If
we only suppose that u° € D(B), then a strong solution « may be transformed into
a solution v which may not be a strong solution.

3. HYDRODYNAMICAL APPLICATIONS:
SMALL MOTIONS OF A VISCOUS FLUID IN AN OPEN VESSEL

As an application of the general approach presented in Section 2, we consider the
famous problem of S. G. Krein on small motions of a viscous fluid in an arbitrary
open vessel (see [K1], [K2], [KL], [Ko], [KKN]).
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3.1. Statement of the problem. Assume that a rigid immovable vessel is par-
tially filled with a heavy viscous incompressible homogeneous fluid with density
p > 0 and kinematic viscosity v > 0. Let © C R? be the region filled by the fluid
in equilibrium state, let S be the rigid wall of the vessel adherent to the fluid, and
let T' be the free surface of the fluid. We choose the origin O of our Cartesian
coordinate system with axes x1, x2, 3 on I' so that the acceleration g due to the
gravitational field perpendicular to I is given by g = —ges, g > 0, and the equation
of the surface I" has the form x5 = 0.

We denote by Py = Py(x), = (x1,22,23) € , the pressure in the fluid in
equilibrium state. Then —p~'V P, = ges, and so, if p, is the constant external
pressure, then

Py = Po(z3) = —pg3 + pa.

We consider small motions of the fluid close to the equilibrium state. We assume
that the difference p = p(t,z) between the full pressure P(t,z) and the static
pressure Py(z3) is an infinitesimal function. By w = w(t,x) we denote the field
of small displacements in the fluid and by f = f(¢,z) the small field of external
mass forces which acts together with the gravitational field in the process of small
motions. In the sequel, we suppose that the functions w, p, and f are infinitesimal
of first order.

The initial boundary value problem for the linearized Navier—Stokes equations
has the form (see, for instance, [KKN| p. 276]):

0w 1 ow . .
(3.1) W——;Vp—i—l/AE—i—f, divw =0 in Q,
(3.2) w=0 onlS, V(ai%—i—%ag:)—o onT, i=1,2,
i 3
0 8’[1)3
(3.3) —p+ 2PV5‘—253W = —pgyw onl, ~y,w:=wn=w-es,
(3.4) w(0,2) = w'(z), gw(O,x) =wl(x).

ot

Here n = e3 is the unit vector of the external normal to the boundary I' C 2.
We suppose that the displacement field w is solenoidal in € (see the second equation
in (80)) and an adhesion condition is fulfilled on S (see the first condition in ([B3:2))).
The second condition in (3:2]) and condition (3:3)) are dynamical conditions which
mean that the tangent and normal stresses on the moving free surface of the fluid
equal zero, i.e., they equal the corresponding stresses in the gas located above the
fluid. Conditions [B) are the initial data for the displacement field and the velocity
field of the fluid.

3.2. General spaces and their decompositions. In order to formulate problem
(B1) - (34) as a Cauchy problem of the form (ZTI), we suppose that the boundary
0Q of the region Q C R? is a piecewise smooth surface with nonzero inner and
outer angles. In the following we introduce a suitable Hilbert space setting and we
consider some auxiliary boundary value problems.

We assume that the unknown fields w and Vp are functions of ¢ with values
w(-,t) and Vp(-,t) in the Hilbert space L2(€2) of vector—functions with scalar
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product
(3.5) (u,v) := /Qu(x)-Tx)dQ, u,v € Ly(Q).

We will also need the Hilbert space L2(T") (of scalar functions) with corresponding
scalar product

(3.6) ()0 == / o@)P@) T, ) € Ln(T).

For a smooth solenoidal field w we have, by Gaufl’ Theorem,

O:/divwdQ:/w-ndS—i—/fynwdF.
Q s r

Therefore any solution w of problem (BJ]) — ([B4) satisfies

/’ynw dar' =0,
r

ie., if yow € Lo(I"), then y,w € Lo(I")o{1r} where 1r is the unit function on I.
In the sequel we will use the orthogonal decomposition

L2(2) = Jo(R2) ® Gr,5(2) ® Go,r (),

which is naturally related to the problem of small oscillations of a viscous fluid in
an open vessel and which is obtained by means of the so-called Weyl decomposition
(see, for instance, [Lal, Section 1.2], [T}, Theorem 1.5, (1.40)], [KKN, p.106]). Here

3.7)  Jo() :={uely(): divu=0in Q, u, :=u-n =0 on IN},
(3.8) Gp,5(Q2) :== {v eLy(): v=Vp, Ap=0in Q,% =0 on S,/pdf = O},
r

(39) Gor() :={weLy(Q): w=VepinQ, p=00nT},
divu, u,, and dp/On being distributions of finite order (see, e.g., [KKN, pp. 100—
102] or [AHKM] Section 2.5]).
From (31) and the first boundary condition in (32 it follows that for a solution
{w; Vp} of BI)—-B2) we have
W EJQ(Q) (&) Gh,s(Q) ::JO7S(Q)

3.10
(8.10) ={u€elz() :divu=01in Q, u, =0 on S},

Vp GGhﬁs(Q) D GO’F(Q):G(Q)

(3.11) ={veLy(2):v=VpinQ, /p dl' = 0}.
r

3.3. Orthogonal projection approach. We introduce the complementary or-
thoprojections Py ¢ and Py r from the space L2 (Q2) = Jo,5(Q2) & Go,r(2) onto the
subspaces Jo s(Q) and Go (), respectively, (so that Py g + Por = I), and we
suppose that the problem (B — (B4)) has a solution {w; Vp} for which all terms in
the first equation of (B are continuous functions in ¢ with values in L3 (£2). Then,

by (B.I0) and B.10),

Pysw=w, Phrw =0,

3.12 .
( ) P075Vp =:Vp EGh,S(Q), P071'*Vp =:Vop EGQI(Q).
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Applying the orthoprojections Py r and Fy s to both sides of the first equation

in (3)) we obtain, by (312,

1 0
(3.13) 0 = —-Vg+ Py rASs + Pyrf,
P ot
0*w 1 ow
14 — = —=-Vp Py sA— + Py sf.
(3.14) 92 pVP-H/ 058> + s

Relation (BI3) shows that if the displacement field w is known, then the field
Vi can be calculated immediately and hence also ¢, using the fact that ¢ = 0 on
T (see (B3)). Therefore it is sufficient to investigate the following initial boundary
value problem for the unknown functions w and p:

2
(3.15) %T‘;’ - —%Vﬁ—k VPO,SA%—‘;V + Pysf, divw=0 inQ,
0 8w3 0 8wi

)20 onl', 1=1,2,

~ 8 8w3
(3.17) —p+ 2”/8_3:33 = —pgynw on I,
(3.18) w(0,2) = w'(z), %W(O,J)) =wl(x).

Here every term in the first equation is assumed to be a function of the variable ¢
with values in the subspace Jg s(£2).

3.4. Auxiliary boundary value problems. For the first auxiliary problem, we
introduce the Hilbert space H%/Q = H'Y2(') N H, where H := Ly(T") © {1r}, and
the space H{(€2) which consists of scalar functions p € H'(Q) such that [pdl’ =0
equipped with the norm

(3.19) Iy == [ Vo ac

Evidently, H}(€) is a subspace of codimension 1 of the Sobolev space H!(f2), and
the Dirichlet norm (BI9) is equivalent to the standard norm of H((2).

The first auxiliary problem: Zaremba problem for the Laplace equa-

tion. Solve the following boundary value problem for the unknown function p; €
Hyp (Q):

0
(3.20) Ap; =0 in Q, %:0 onS, p=1% onTl, /wszo.
r
Lemma 3.1. For every ¢ € Hll/z, problem B20) has a unique (generalized) solu-
tion py € HE(Q), Vp1 =: Gy € Gy, 5(Q) and
1GYI =1Vl = Il g ) < ell¥ll g2
Proof. See [KKN, p.45] and also [AHKM|, Lemma 2.4]. O

Remark 3.2. Tt follows from the Trace Theorem (see, for instance, [G]) that H’L/)||H1£/2
< ¢||Gy||. Therefore the norm || - [| 2
norm |G - ||. If we equip H%/ 2 with the latter norm, then, obviously, the operator
G: H%/Q — Gy,5(Q) is an isometry.

s2 in the space H%/ ? s equivalent to the
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For the second auxiliary problem, we introduce the subspace
(3.21) Jo.5(Q) = {fuecHY(Q): divu=0inQ, u=0o0n S}
of the space H'(2) of vector fields and equip J§ ¢(2) with the quadratic form

8ul 5‘uj 2
(1075 8:51-

(3.22) dQ, ueJjg(Q).

If u is a velocity field of a viscous ﬁuld, then the form prE(u,u) is the dissipation
velocity of the energy in the region 2. We mention that on the subspace J (1)’ 5(€) the
norm E(u,u)'/? induced by E is equivalent to the standard norm of H'(Q), which
can be seen using [KKN| Section 2.2, (2.16)] and Korn’s inequality (see [Gobh]).
We will also need Green’s formula which is directly related to the right-hand side
of the first equation in (FIH). Namely, if u € J} 4(Q) NH?(Q), v € J(l),S(Q)a and

Vp € Gy, s(2), then the following formula holds (see [KKN, p.115], [KI]):
(3.23)

/ <—VP0,SAu+ 1v;a> ¥ dQ
Q

- /Z Oui | Oug mdr—/ 159,28 o ar
3553 0x; r P Ox3

where F(u, v) is the bilinear form corresponding to the quadratic form F(u,u).

The second auxiliary problem: S. G.Krein’s Problem. Solve the follow-
ing boundary value problem for the unknown functions u € J§ 4(€) and Vpy €

Gms(Q):

1
(3.24) —vPy sAu+ ;Vpg =f;, divu=0 in(,
ou; 0
(3.25) u=0 ons, u<8;‘;+8§j>—o onT, i=1,2,
0
(3.26) —p2 + 2p1/£ =0 onT.

8x3
If u € J§ 5(€2) N H?*(Q), then, by the Embedding Theorem (see [G]), we have

Oug/0xs € HI{/Q. Thus, by the definition of G, ¢(£2) in B.3)), ifu € J(ILS(Q)OHQ(Q)
and Vpy € Gp, () are solutions of (B24) - (B26), then p, solves the Zaremba
problem B20) with ¢ := 2pr dus/dz3 and hence, by Lemma BI],

Ous
(3.27) Vps = 2pVG5‘ =:vLu.
3
Therefore, in this case, (3:24) can be written in the form vAgu = f1, u € D(Ay),
where the linear operator Ay in Jo g(£2) is given by

1
(3.28) Apu == —Py sAu + ;Lu, D(Ag) = J§ () N H?*(Q).

Definition 3.3. A function u € J0 5(€) is said to be a generalized solution of the
second auxiliary problem (B.24) - (B.28) if for any v € J§ ¢(Q2) we have

(3.29) vE(u,v) = (fi,v).
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From Green’s formula ([3:23)) it follows that any classical solution of the second
auxiliary problem is a generalized solution.

Lemma 3.4. Iff; € Jo 5(Q), then problem B24) - B28) has a unique generalized
solution u = v~ YA™'f; where A is the Friedrichs extension of the operator Ay
defined in B28)). The operator A acts in the space Jo 5(2), it is selfadjoint and
strictly positive and has the following properties:

i) D(A) c D(AY?) = J5.5() C Jo,5(2), D(A) =Jo,5(2).

ii) Ifue D(A), v e ‘](l),S(Q)’ then

(Au,v) = E(u,v).
Ifu, v elJgg(Q), then
E(u,v) = (AY?u, AY?v).

iii) The inverse operator A™' acting in Jo s(Q) is compact and positive.
iv) The operator A has discrete positive spectrum { i (A)}2, with accumula-
tion point +00 and with asymptotic behaviour

(3.30) Ae(A) = (H;e;ﬂ

Proof. See [KKN, pp.277-279]. The asymptotic formula (B:30) was deduced by
G. Metivier [M] for Dirichlet and Neumann boundary conditions. By means of
variation principles it follows that it is true in our case as well. O

—2/3
) k23 (140(1)), k — oo.

3.5. Transition to a differential operator equation of second order. In
this subsection we return to the initial boundary value problem (B15) - (3-IR) and
suppose that it has a classical solution {w;p}. In the following we will represent
p € HE(Q) in the form p = p1 + p2 with p1, pa € HE(Q) so that

Vp=Vpi+Vps, Vpi € Gps(Q), i=1,2,

where Vp; is a solution of the first auxiliary problem for

Y= pgrmw
and {u = (0w/0t); Vpa} is a solution of the second auxiliary problem for
1 0*w
3.31 fj = —— - — + Py sf.
(3.31) 1 prl 52 + Po.s
Here the operator v, : HY(Q) — H%/Q is defined by
(3.32) Yo := (u-n)pr = (u-e3)r, D(v,):=Jos5(Q)NH(Q)

with y,u € Hll/2 = D(G) for u € D(v,) by the Trace Theorem, where G is the

operator defined in Lemma [3.7]
For p; we have, by Lemma [3.1]

(3.33) Vp1 = GY = pgGry,w,

where G : Hll/2 — Go,5(Q2) C Jo,5(£2) is a bounded linear operator. For u we have,

by Lemma 34 and using (B:3T), (3.33),

(3.34) u= %—;V =A™t (—gG'ynw -

9w

o2 + Popgf) .
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From this it follows that a classical solution w of the boundary value problem
(B) - 34) (and, correspondingly, of the problem BI3), (3.15) - (BI8)) is a solu-
tion of the Cauchy problem

2
(3.35) C;T‘;V + Z/AC;—‘;V + gGyaw = Py sf, w(0) = w’, C;—ZV(O) =wl.

Here w is the unknown function with values in the space Jo s(€2), v > 0 is the
kinematic viscosity of the fluid, g > 0 is the acceleration due to gravity, f is a given
function (the field of external forces), the operator A is the operator of the second
auxiliary problem, the operator GG is the operator of the first auxiliary problem,
and the operator v, is defined as in (Z32).

Definition 3.5. A function w is called a strong solution (with respect to the variable
t) of the boundary value problem (31— ([34) on the interval [0, 7] if the Cauchy
problem (337) has a strong solution w on [0, 7], i.e., if w € C?[0,T;Jo ()], Ow /Ot
€ D(A), Adw/0t € C[0,T;J9,s(Q)], w € D(gGn), gGynw € C[0,T;J0,5(Q)], the
conditions div w = 0 in Q, w = 0 on S hold, and if w satisfies the differential
equation in (B30) on [0,T] as well as the initial conditions in (330).

3.6. Test of hypotheses. In this subsection we show that the Cauchy problem
(B339) is a special case of the general Cauchy problem (Z1]).

To this end, we consider the Hilbert space H := Jo,5(2) and therein the operators
(3.36) F:=vA, D(F):=D(A), B:=gGvy, D(B):=D(Gv,), K:=0.
Then equation (B39) is of the form (ZI]) with K = 0. In the sequel, we are going
to verify that the conditions (ZZ)), (Z3)), and ([Z4) are satisfied for the operators in

First, by Lemma B4] the operator A is selfadjoint and strictly positive. Since
v > 0 and K = 0, the operators F' = vA and K satisfy the conditions (Z2), (Z3).
It remains to study the properties of the operator B.

Lemma 3.6. The following relations hold:
(3.37) D(A1/2) CD(yn) CD(GY), G*|D(n) = Yn-

Proof. The first inclusion follows from Lemma [3.4] by which D(A'/2) = J5.5() C
Jo.5(9) NH() = D).

Now let v € D(v,,) = Jo.5(Q) NHY(Q), ¥ € H%/Q. Then, by Lemma 31l Vp; =
Gy € Gy, 5(02) and v, v € Hll/z. Observing that div v =0 in 2, we see

(Vpl,V) = /Vplde:/dw(pr)dQ
Q Q

= / p1v-ndS = /pwn—vdf = (p1,YnV)o,
o0 T
that is,
(3.38) (G, V) = (b, 7 V)0, &€ HY?, v € D(y,) = Jo,s(Q) NH'(Q).

This shows that if G is considered as an operator acting from Ly (€2) to La(T"), then
D(vn) C D(G*) and G*|D(vn) = n- O

Consider now the operator G, in Jo ¢(£2) with dense domain

(3.39) D(G) = Jo,5(Q) NH'(Q) = D(y,).
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Theorem 3.7. The operator Gv,, in Jo s(R?) defined on the domain (B39) is an
unbounded symmetric nonnegative operator. Its Friedrichs extension Gry, = G7y,
which is defined on the domain

(3.40) D(G7n) = J0(Q) & G, 4(),
where
1 — Sy — ~ . (9 1/2
(3.41) G s() :=3ue Gy s5(Q) :u=Vyp, yu:= n e H/ ¢,
r

is an unbounded selfadjoint nonnegative operator with kernel
Ker Gy, = J o(9).

On the space G,IL} 5(Q) the operator (/?ty:l is strictly positive, it has discrete spectrum
{12, 0 < A S A <o <A £ A — 00,k — o0, dts eigenvectors
{Ver}i2, form an orthogonal basis in the space Gy, s(S2),

i i _ _
(3.42) ((%)F7 <%>F>O = M (Vor, Vor) = Ak O,

and the eigenvalues {\,}32, have the asymptotic behaviour

mesT /2 1/2
(3.43) Ak = 1 kY21 +0(1)), k— oc.
0

Proof. Let u and v belong to D(G~,). Then ¢ = y,u € Hll/2 and, by ([B.38),

(3.44) (G, V)ry0) = (W7 V)o = (v, )0
= (Gmv,u)r,0) = (0, GV V) Ly (),

i.e., Gy, is symmetric. From (BZ4) with v = u it follows that
(3.45) (Gypu,u) = H'Ynu||(2) >0, ueD(Gyn),

i.e., the operator G, is nonnegative. Therefore it admits a nonnegative selfadjoint
extension, the Friedrichs extension G7,. It is evident from (F4H]) that

Ker (Gv,) = {u € D(Gv.) = D(yn) : ynu = 0} = Ker (77,,) = Jo(2) C J(l)’S(Q)
(see [AHKM, Remark 3.7]). Since this set is dense in Jo(2), then, after the exten-
sion,

(3.46) Ker Gy, = Jo(Q) C Jo.5(9).

According to the Spectral Theorem for selfadjoint operators, the orthogonal
complement Gy, s(Q) = Jo,5(2) © Jo(2) is an invariant subspace for the operator
G~y and it corresponds to the positive part of its spectrum. Consider now the

operator G,, on the subspace Gh,s().
First, it follows from Lemma[31] and the Embedding Theorem (for the Lipschitz

domain Q, see [G]) that Gy € Gy, s(?) if and only if ¢ € HI{/Q. Hence, the
operators G : Hll/2 — Gps(Q) and G : Gp5(Q) — Hll/2 are one—to—one.
Therefore é\'y/n = G7,, where 7, is an extension of the operator v, defined in (B:32)
such that %, = 0 on Jo(Q2) (see B40)) and F,u € H%/Q for u = Vo € G, s(0).
From this the assertion (B40) follows.
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Secondly, we consider the spectral problem for the operator G7,, on Gy, s(£2):
Gyp,u=2Au, u=Vpe G}LS(Q)

This problem can be rewritten in the form

op\ B
(3.47) G (&)F =AVp = AG (90|F) )
(3.48) Ao=0 m2, 220 ons, /ade:O.
871 T

From (BA41) it follows that

(3.49) g—;’: =Xp onT.

Problem 3449), (343) is well known as Steklov’s problem which arises in the
study of oscillations of an ideal fluid in an open vessel (see, for instance, [KKNJ
p. 140]). It can be reformulated as a spectral problem

v=rcv, w=(55) er=rLamo ),
n/r

where the operator C' is compact and positive. Therefore this problem has discrete
spectrum, say {A\;}52,, consisting of positive eigenvalues A\ with limit point +oo0,
and the system of eigenvectors {¢5}72, can be chosen to form an orthonormal
basis in H. From this the basis property of the eigenvectors {Voi}i2,, Vi =

NG (%) = A G, and the formulas (B22) follow.

The asymptotic formula (3.43) can be derived by means of the variation ratio

2
/ dF// |Vl dQ
r Q

or by means of the variation ratio

/ Vol d0 / / o[ T
Q T

both of which have to be considered on the set of functions ¢ satisfying (B.48)) (see
[SV]). O

dp
on

Corollary 3.8. The operator coefficients F' = vA, B = gG~,, and K = 0 of the
Cauchy problem (B.39)) satisfy the assumption 2.31) of Theorem[2.7]: F >0, B >0
with D(B) D D(F), and K = 0.

Proof. Tt remains to prove (Z4). From [B.37), (339), and 40) it follows that
D(4) € D(AV?) € D() = D(Grn) = D(B) € D(GAn) = D(B)

where B := g G7, is a nonnegative selfadjoint operator which is the Friedrichs
extension of the operator B = g G,,. O
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3.7. Theorem on well-posedness. According to the results of the last subsec-
tion, we can now apply Theorem [27] to the Cauchy problem (B35) and obtain
results for the original initial boundary value problem (B1]) — (B:4).

Theorem 3.9. Suppose that the following conditions hold for initial boundary value

problem (B:33):

w? =wi +Vy? with wj e Jo(Q), V' € G, 5(),
(3.50) w! € D(A) C D(AY?) = J§ 4(Q),

f e C0,T;La(2)].

Then the Cauchy problem ([B38) has a unique strong solution w, that is, w €
C?[0,T;Jo,5(Q)], Ow/0t € D(A), Adw/dt € C[0,T;J0,5(Q)], w € D(gGHy), as
well as g Gy,w € C[0,T; G, s()], and equation B38) holds with the operator 7y,
instead of vy,

If wo € D(A), then w € D(A) and Aw € C[0,T;Jo.5(Q)].

Proof. First, if £ € C0,T;La(Q)], then Pysf € C0,T;J0,s(Q)]. Further, if
wl € D(A), then w! € D(vA) = D(F) (see (330)). At last, if the conditions on
wY in (B350) hold, then, by Theorem 7 (340), (3:41), and Corollary B8, we have
w? € D(Gv,) = D(GA,) = D(B) and D(F) C D(B).

Therefore all conditions of Theorem [2.7] are satisfied for the Cauchy problem
(B35) and it has a unique strong solution w on the interval [0, T] if we replace v,
by its extension 7, to the space Jo(2) ® G}“S(Q) (see ([B.40)). The last assertion
follows by applying Remark [ZT4] to the Cauchy problem (B35]). O

As a corollary of Theorem [B.9] we obtain the following final result on the solv-
ability of the initial boundary value problem (B — (34).

Theorem 3.10. Let A be the Friedrichs extension of the operator Ag of the second
auziliary problem defined in [B28) and suppose that the conditions

(3.51) w' e D(AY?), wleD(A), feC0,T;Ly()]

hold. Then the problem BI) —@4) has a unique strong solution (with respect to
the variable t) in the sense of Definition[33.

Proof. If the conditions (B5T) hold, then the conditions (B50) of Theorem B9 are
satisfied and, thus, the Cauchy problem (B35) has a unique strong solution w on the
interval [0, T]. Further, from the relation ([Z18) we see that A(w—w?) € C[0, T;H],
ie.,, w—w? € C[0,T;D(A)]. Since the operator A~'/2 is bounded in Jo () and
w0 € D(A'/?) by assumption ([BE51), we conclude that the functions w — w as well
as w belong to C[0, T; D(AY/?)] = C[0,T;J§ 5(€)]. Therefore, by (.37) and (3:39),
we have w(t) € D(gGyy,) forany ¢ € [0, T] and gGy,w = gGy,w € C[0,T;Jo,5(2)].
Besides, since w(t) € J(l),S(Q) for any ¢ € [0,7], we have div w(¢) = 0 in © and
w(t) =0 on S for any ¢ € [0,T] by definition of the space Jj ¢(Q) (see B2T)). O

3.8. Oscillations of an ideal fluid in an open vessel. Consider now the de-
generate case v = 0 when the fluid in the vessel is inviscid (ideal). Then with the
problem (BI) - [B4) we associate the Cauchy problem (B3H) with v = 0, which
is a classical Cauchy problem for a hyperbolic equation with operator coefficient
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E:gGﬁn:’é*ZO:

d*w ~ o dw 1
So, in this case, equation (BI3)) takes the form
(3.53) Ve = pPyrf,

i.e., the projection V¢ of the pressure Vp on the subspace Go () is determined
only by the corresponding projection of the external field of mass forces f and does
not depend on the displacement field w.
We will now derive the explicit form of the solution of problem (3:52) using the
eigenvalues and eigenfunctions of the operator B = 9 G, (see Theorem [3.7)).
According to the decomposition ([B.10), we represent a solution w € Jo g(2) of
problem (3.52) in the form

(3.54) w=v+Vd with vey(Q), Vo € Gy ()

and recall that Ker B = Jo(Q) (see (3248)). Then, after applying the orthogonal
projections Py and P, g of Jo ¢(2) onto the subspaces Jo(€2) and Gy, 5(€2), respec-
tively, to (3:52), we obtain the following two Cauchy problems:

d*v o dv 1
(355) W = P()f, V(O) = P()W 5 E(O) = P()W 5
d’Vo -
(3.56) d—tv2+BV<I> = Py.sf,
dve

VO(0) = P sw’ =V, (0) = Py sw' =V,

dt
where
B := B|G}, 5(2).

By Theorem 37, the operator B is an unbounded positive definite operator which
has discrete spectrum {A,(B)}72 1, A\p(B) = gAx with Ay as in Theorem B.7 having
the asymptotic behaviour ([B:43). For the corresponding system of eigenfunctions

(V)22 we have (see (BA2)
(3.57) g ((%)F, (%)F)O = g\e(Ver, Vipr) = A (B) -

Theorem 3.11. Suppose that for the initial boundary value problem B1)— B:4)
we have v =0 and the following conditions hold:

f = fo+for+VF with fy € C[0,T;J0(Q)], for € C[0,T; Gor ()],
VF € C'0,T;Gp,5(9)],

(359) w'=w)+ Ve’ with wleJo(Q), Ve eD(B)C Gys(Q),

(3.60) w'=wi+ VO with whe€Jo(Q), V@'eDBY?) CGhs().

(3.58)

Then the initial boundary value problem BI) — B4) has a unique strong solution,
i.e., there exists a unique pair of functions {w;Vp} such that

(3.61) w=v + V®, v e C?0,T;Jo(Q)], V® € C[0,T; D(B)] N C2[0,T; Gp.s(Q)],
(3.62) Vp = Vo + Vp, Vi € C[0,T; Gor(Q)], Vp = pBw € C[0,T; Gp,.5()),
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and the relations [B.53) — (B56) hold. In addition, we have
(3.63) v(t) = /Ot(t — 8)Pof(s)ds + (Pyw' )t + Pow”,
and

¢
V®(t) = cos(tBY?)Vo'+ B2 (sin(tBl/2)VcI>1+ / sin((t—s)BY?)VF(s) ds)
0
(3.64) 1t
_ Z Vi (ak cos(wkt)—f— ﬂk sin(wgt)+ w_/ sin(wy (t—5)) fi(s) ds>
P kJo

with wg == Mg (B)1/2; &93 :f (V(I)Oa v@k); Bk = (V(I)lv Vsﬁk); fk(t) = (VF(t), v@k);
k=1,2,..., where {\:(B)};2, and {Vr}2, are the eigenvalues and eigenfunc-
tions of the operator B (see (3:51)).

Proof. Tt follows from the above that the initial boundary value problem (@I —
B.4) (in the case v = 0) is equivalent to the relation (3.53) together with the two
Cauchy problems ([B.55) and ([3.56). It is evident that problem (3.55) has a unique
solution v of the form (3.63), and therefore under the assumptions (B.58) - (B.60)
for f5, w°, and w!, we have v € C?[0,7T;Jo(2)]. Further, since for = Pyrf €
C[0,T; Gor(R)], we see from ([B52) that Vo € C[0,T; Go,r(?)]. Moreover, it is
known (see, e.g., [BY]) that the inhomogeneous Cauchy problem (B.56) with un-
bounded positive definite operator coefficient B=DB"hasa unique strong solution
of the form (B.64) if the conditions (3.58)— (3.:60) for VF, V&Y and V&' hold.
Finally, in the case v = 0 (in contrast to the case v > 0, see Subsection 3.5) we
have Vp = Vp; (since Vpy = 0 by [B:21)), and therefore, by (B:33) and Theorem
37,

Vi = Vp1 = pgGinw = pBw € C[0,T; Gy 5(Q)]. 0
As a corollary of Theorem [311] we obtain the following result.

Theorem 3.12. Under the conditions of Theorem BI1l the law of full energy con-
servation holds for the strong solution of the initial boundary value problem [BI)—
B4), which says that on the whole interval [0,T],

%(p/ dQ+pg/ IwnIQdF> ( /|W |2d9+p9/ |wn|2dr>
+p/0 ([ 100 Gris)de) as.

Remark 3.13. The left-hand side in (B is the total (kinetic plus potential) energy
of the considered hydrodynamical system at time ¢ and the right-hand side is the
sum of the total energy at initial time ¢ = 0 plus the work of the external forces on
the system from time ¢ = 0 to time t.

ot

(3.65)

The proof is left to the reader.

Remark 3.14. Suppose that the condition

Aaa—w € C[0, T; Ly(Q)]
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is satisfied for problem (B1I)— (8:4) in the case v > 0. Then under the assumptions
of Theorem [3.9] the law of full energy conservation holds for the strong solution and
it has the form (B:65) with the additional term

¢ ow Ow

on the right-hand side of (869, where the form E(u,u) is defined by (322). The
term (3.66]) corresponds to the work of the internal dissipative forces in the hydro-
dynamical system. The proof of the law of energy conservation in this case is the
same as in the case v = 0.

Remark 3.15. From the physical point of view, the quantities wy in ([8.64)) are the
frequencies of the eigenoscillations due to gravitation of an ideal fluid in an open
vessel (the so-called surface waves).
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